SPECTRAL GEOMETRY

WILL J. MERRY

ABSTRACT. Brief notes on various parts of Dennis Barden’s 2009 Part III
course on Spectral Geometry

1. THE DEFINITION OF THE LAPLACIAN

Problem 1. Give three alternative definitions of the Laplacian acting on the func-
tions on a Riemannian manifold and prove their equivalence.
Let (M9, g) be a closed connected orientable Riemannian manifold.

e Let w e Q4M) denote the volume form defined by the metric and the
orientation. Suppose (z') are local positively oriented coordinates over
Uc M. Let G :=[g;;]. Then define wy € Q*(U) by

wy =Vdet Gdz' A -+ A dz.

Then wy is defined globally. Indeed, if (y%) are local positively oriented
coordinates over V ¢ M with U nV # @& then we need to show that

wUlUﬂVva|UﬁV
Write ) )
i a.’l?l i %
T oyt T Oat”
note that F = H~'. Then
dz' = F;dyj, 811 = Hfay]
det Ao ndad =det F-dy' n---ndy.
Moreover if g;; = (8yi, 6yj) then since

ij = (04s,0,5) = Hf H (0

yk>

dye) = HFgp H}
we have

G=HGHT,
and thus

Vdet Gdz' A+ A dax?

Vdet HG'HT det Fdy' n--- A dy®
Vdet G'dyt A+ A dy?,

since det HH™ = m.
e Given f € C°(M), we have df € Q'(M) and thus df* e X(M). Here
b:TM —T*M and # : T*M — T M denote the ‘musical’ isomorphisms
) :vi(r“)i = gijvidxj
with inverse , N
#: fyda? o g0
e Given X € X(M), we define the divergence of X to be the function div(X) €
C*=(M) given implicitly by
div(X)w = d(ixw).
1
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Definition. Given f e C*°(M), define the Laplacian
Af = div(df?).
Thus Af e C*(M).
Lemma. Suppose feC®(M) and X e X(M). Then
div(fX) =df (X) + fdiv(X).

Proof. Suppose = € M. We prove the result at x. This is sufficient, as both sides
are functions, and thus it is sufficient to verify it pointwise. If X (z) = 0 then both
sides are zero. Otherwise, fix a coordinate neighborhood U ¢ M with z € U over
which w|U is given by wy and such that X # 0 on U. Since TM is trivial over U,
we may pick a local frame (X = X1, X5,...,X4). Then for any 1-form a € QY(U)
we have

(O[/\'l:XUJU)(Xl,X27...,Xd) Oz(X)inU(XQ,...,Xd)

(OK(AXV)(A)U)()(l,)(27 e ,Xd).

Since (X;) is a local frame, we conclude
anixwy = a(X)wy.
The result follows by applying this to « = df, and using the fact that wy () #0. O

e The metric defines an L*-inner product (-,-);. on C*(M) by setting

(Fh)pa= [ faw.

Similarly we obtain an L?-inner product (also denoted by) (-,-);. on Q' (M)

by setting
(o, B)} = fM (o#, %) w.

e The adjoint § of the exterior derivative defines (in particular) a map Q' (M) —
C>(M) according to the recipe

(f,0a) 2 ={df,a);2.
Definition. Given f € C* (M), define the Laplacian
Af = -4df.
Thus Af e C*(M).

Lemma. It holds that
da = —div(a™).

Proof. We show
(df,a) ;2 = (f, —div(a#)>L2 .

For this one observes that
df (™) + fdiv(a™) = div(fa™)
by the previous lemma and hence
(df, ) > = (f,=div(a™)),, = fM div(fa™)w = fM fdo#w,
and the last integral is zero by Stokes’ theorem. (]

Corollary. Definition 1 is equivalent to Definition 2.
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o Let feC™(M). We define the Hessian Hess(f) of f to be V(df); here vV
denotes the Levi-Civita connection of (M, g) acting on 1-forms. Thus given
vector fields X, Y € X(M) we have

Hess(f)(X,Y) = Vx (df)(Y) = X(df (Y)) - df (VxY).

Suppose (z') are normal coordinates at a point = € M. Let us compute the
expression for Hess(f)(z) in these coordinates. We have

df = 8; fdz",

and hence if
Hess(f) = H;;jdx' ® da?

we have
Hess(f)(9;,0;) = 05 f = df (V5,05),
and using
Vo, 0(z) =0
we have
Hess(f)(x) = 0;5 f (=),
that is

H;j(x) = 05 f ().
e Given a (0,2)-tensor (3, we define the trace of 8 to be function tr(8) €
C>=(M) defined as follows. Suppose x € M. Let (X;) be an orthonormal
frame of T'M on a neighborhood of M. Then

d
tr(8)(x) := ;ﬂ(Xini)

e In particular, taking the orthonormal frame to be (9;) where the (z°) are
orthonormal coordinates we have

d
tr(Hess(f))(z) = Z; 0iif ().

Definition. Given f € C* (M), define the Laplacian
Af :=tr(Hess(f)).
Thus Af e C*(M).

Lemma. Using Definition 1, the Laplacian is given in local coordinates () on
UcM by
Af =g" 0;; f + lower order terms.
Proof. For convenience, put v :=vdet G where G = [g;;] so that
wy =vdz' A A da
Then if X = a'9; is any vector field we have
inU(ala"waAiw"aad) = WU(X,al,...,éi,...,ad)
(-1 wy (01, ..., 021, X, 0311, ... Oa),

and the last term is equal to (=1)*"'va’, since all the other terms die. Since {dz* A
~ondxt A Adz?} forms a local frame for Q471 (M) we conclude that

d
ixwy = . (-1)"tvaldzt A Adzt A A da?,
i=1



SPECTRAL GEOMETRY 4

and thus

diixwy) = Y. (-1)"719;(va")da’ ndz' A+ Andz Aeee A dz?
i,j=1

1
8,'(Val)—wU.
v
Thus
1 .
div(X) = —=9;(va").
v
Now take X = df# to obtain

1 g g
Af = div(df?) = ;ai(ygwajf) = ¢ 0;; f + lower order terms.

Corollary. Definition 1 is equivalent to Definition 3.

Proof. Apply the previous lemma in the special case where the (z°) are normal
coordinates at a point x € M, so g"(x) = § (x), and hence in this case the lemma
simplifies to give

d
div(df?)(z) = Zl diif(x),

which is also equal to tr(Hess(f))(z) in these coordinates. O

2. THE HEAT KERNEL

Problem 2. Define the heat kernel, heat trace and heat invariants of a Riemannian
manifold. Prove that a heat kernel exists and is unique. Derive an expression for
the heat trace involving the spectrum of the Laplacian, and deduce that isospectral
manifolds have the same dimension and volume.

Let (M9, g) be a closed connected oriented manifold.
e A heat kernel for (M, g) is a function

K:MxMxR" - R;

(z,y,1) = K(z,y,1),
where R* := {t e R : ¢ > 0} with the following properties:
(1) The map x + K(z,y,t) is of class C° for fixed (y,t) € M x R*. The
map y ~ K(z,y,t) is of class C? for fixed (x,t) € M x R*. The map
t K(x,y,t) is of class C! for fixed (x,y) e M x M.
(2) (9 - A)[K] = 0.
(3) For any z € M and any f e C*(M) it holds that

J@)=tim [ K(oy.0f @) w).

e Let L?(M) denote the space of measurable functions f : M — R for with
finite L?-norm. Then (L*(M),(-,-);2) is a Hilbert space. The Laplacian
A is an elliptic self-adjoint negative-definite operator on L?(M), and as
such its spectrum is discrete and accumulates only at —oco. From standard
facts about elliptic operators we deduce the following: each eigenspace of
A is finite-dimensional, and any eigenfunction is necessarily of class C*.
Eigenspaces belonging to distinct eigenvalues are L?-orthogonal. Moreover
L?(M) is the Hilbert sum of the eigenspaces.
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e In particular, there exists functions {¢;} € C (M) and {\;} € R~ such that
Agi = Nig;
and such that
0 = (66:03) 2 = [ 0i(@)5(2)y (@),
and such that if f € L?(M) and
fi=A{f, di) e

then ¥, fi¢; converges and is equal to f as an element of L*(M).
Proposition. Assume that a heat kernel K exists for (M, g). Then K is unique.
Proof. 1f {¢;} denotes the orthonormal basis of L*(M) then if

Sty = [ Ky 06w (v)

then ¥, fi(z,t)¢:(y) converges and is equal to K as elements of L?(M). Since
t = K(x,y,t) is of class C! and M is compact, we may differentiate under the
integral sign to obtain:

O fi(z,t) = f1\46tK(x,y7t)¢i(y)wg(y)
= fMAyK(x,y,t)qﬁi(y)wg(y)
- fM K (2,y,1) Ay i (1) wy (1)
- & [ K(@y.060)e )

= Aifi(xat)7

and hence f;(x,t) = F;(x)e*t. Thus limyg f;(z,t) = F;(z). But by property (3) of
the heat kernel, we necessarily have

lim fi(a.t) =lim [ K(2,5.001(0)e () = 6:(2).
and hence F; = ¢;. We have shown that if K(y) := K(z,y,t) then for all (z,t) €

M x R*, the function ¥; e*t¢;(x)¢; is equal to K, as elements of L?>(M). This
implies that for any (z,t) € M x R* we have as n - oo that

- 0.

‘th - i Ml (v)
i=0

L2
Hence there exists a subsequence {i(k)} € N such that for all (x,t) € M x R*, the

function
i(k)
3 Mg ()
i=0

converges almost everywhere to K,;. We are almost done. Observe that by Parse-
val’s inequality, for all (z,y,t) € M x M x R* we have

). = DM ai(@)6i(w)-

<Ka:% ) Ky%
In particular ¥, e*i!¢;(x)¢;(y) converges for all (z,y,t) € M x M xR* as is contin-

uous as a function of all three variables (since the same is true of (Kx%,Ky%>L2.

This completes the proof.
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e Let 2 € M and let € > 0 be such that exp, : D.(z) > B.(z) is a diffeomor-

phism. Here

D (z)={veT,M : |v|, <e}
and

B.(z):={yeM : d(z,y)<e}.
Choose coordinates (r,¢!,...,0% 1) on D.(z), where (p',..., 0% ) are
coordinates on the sphere S;M := {v € T,M : |v|, = 1} and r is the
radial coordinate. Via exp,!, we may consider these coordinates as defining
coordinates (r,',..., 0% 1) on B.(x) (such coordinates are then called

geodesic polar coordinates). Let G denote the matrix given by the metric
in this chart. Define

v:B.(z) > R;

v(r, @) =\/det G(r, ©).

Suppose now f € C*®(B.(x)) is a radial function, that is there exists ¢ :
R — R such that,

f(r) =o(r).
Then we can compute the Laplacian Af in these coordinates by:
"od-1
(2.1) Af:a”qp+a,¢(”+ )
v r

e Let f,he C™(M). Then
(2.2) A(fh) = fAR+2(df,dg) + RAS.
Indeed, if « is any 1-form then

5(fa) = =div(f-a®) = df (a¥) + fdiv(a®),

and thus
d(fdh) = fédh - (df,dh) .
Hence
A(fh) = -6d(fh)
= =0(fdh+ hdf)

= —f&dh +2(df,dh) - hédf
= fAh+2(df,dh) + hAF.

Theorem. There exists a heat kernel on (M, g).

Proof. Since M is closed, the convezity radius p of (M, g) is positive. By definition,
the convexity radius of (M, g) is defined by

= inf py:
= inh e
pz =sup{r >0 : any two points y, z € B.(x) are joined by a unique geodesic segment} .
Set
We={(z,y) e M : d(z,y) < p}.
We will define the heat kernel on W in several stages. First define G:U xR" - R
by
1 _ @)
4t

G(zx,y,t) = We
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By choice of U, d?|U is of class C* and hence so is G. Since G is radial, by (2.1)
we have

AG = -0.G 8TG( 8 1)

v r

C(en)e

v 2t)2t

using the fact that

1 2
8,.G=-—G, 9,G=-—[1-2
2t 2t 2t

We must modify G to obtain the heat kernel we want, and we shall do so as
follows: we find functions {u; : W — R} such that if Uy : W x R* — R is defined by

k: .
Uk;(.’l?, y7t) = Z ui(xa y)tl
=0

and Si : W x R* - R is defined by
Sk(@,y,t) = G(z,y, 1)U (2,y,t)

then for k sufficiently large, S, will (almost) be a heat kernel.
Using (2.2), we have

Ay Sk = UpAG +2(dG, dUy) + GAL Uy,
In geodesic polar coordinates
dG = 0,G - 0p + 0ypi G - Q-
Since G is radial, 0,,:G = 0 and thus dG = 9,G - 0,. The Gauss lemma tells us that
(0r,0,) =1, (8,,0,:) =0,

and hence
(dG,dUy) = 8,.G - 0,.Uy.

From this we conclude that
v'r r
(815 - Ay)[Sk] =G (21/tUk + ;&Uk + 8tUk - AyUk;) .

Our aim is to choose the {u;} such that for each k we have
v'r
2vt
This is the best we can do; ideally we would simply choose the {u;} such that

(2.3) Uy + %&Uk + OuUy - AyUx = Ayuy, - .

!/
;—V;Uk + %&Uk +OUL - AU =0
but this is in general not possible. Assuming (2.3) for a second, we briefly sketch
how this leads to the construction of the heat kernel. Pick a bump function 7 €
C*®(M x M) such that n =1 on {(z,y) € M x M : d(z,y) < p/2} and n =0 on
M x M\W. Set Hy :=nSk. Then Hy € C*°(M x M xR*). Then it turns out that
if k> d/2 then Hy, satisfies properties (1) and (3) of the heat kernel. In order to
make Hj, satisfy property (2) one needs to take a sum with signs of convolutions
of Hy; this part is non-examinable and so is omitted.

It remains therefore to verify (2.3). To do this we induct on k. The coefficient
of t71is

rv’

—ug + r0rug
2v
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and the coefficient of t* for 0<i<k—1 is
rv’
( +1+ 1) Uiyl + rBTqu - Ayui.
2v
We conclude that )
Or(logug) = —567.(log v),
from which it follows that wug is (up to a constant) given by
1
2.4 =—.
( ) Uuo \/;
Now make the lucky guess that u; is of the form
k
" = (r)
ri/v
for some function k(r). Simple manipulations tell us that this choice of u; will work
if and only if the function £ satisfies

&k = 7“1‘71\/;' Ayui,l.

Let {x(s) : s € [0,7]} be the unique unit speed geodesic running from z to y.
Assuming we have already defined u;-; and using the fact that Ayu,_; is a function
of r along this geodesic, we can solve this equation to get

k(r) = fOT Vi(a(s)) - Ayuia (z(s),y) - 5" ds;

putting this altogether gives
1 r -
ui(z,y) = 7/ Vv(z(s))Ayuioi(z(s),y) - s ds,
(d(z,y))'/v Jo v

and this completes the verification of (2.3). O

e The trace of the heat kernel is the function Z : R* — R given by
2(t) = [ K(w.2,0)w,(),
where K is the heat kernel on (M, g). Using the proposition that
K(z,y,t) = Zi:ffA"t@(fU)@(y)
we can easily prove that

Z(t) = Z etit,

Indeed, since ¥, e it¢;(2)? converges to K (x,z,t) for all 2 and each term is
non-negative, the dominated convergence theorem tells us we can integrate
term by term to deduce

fMK(CE,x,t)wg(:c) = Ze)\it (i, bi) g2 = Ze)\it.

Corollary. The trace of the heat kernel determines the eigenvalues of the Laplacian.

Proof. Since M is closed, the only harmonic functions are constant; thus Ay = 0
and A; < 0 (where we order the eigenvalues of A as A\g > A1 > A\y..., counted with
multiplicities. Assuming we already know Ag, A\1,...,A; for i >0 we have

Z(t) - 2i_ et
)\i+1:min{u<0: lim()zj_0<oo}.

t—o0 emt
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e A function A :R* — R has asymptotic expansion A(t) % Sibittast |0 if
At) - ZXobit'

I
7o tN 0
for all N e N.
e The function K(z,z,t) has asymptotic expansion
tl0 1 i

All that remains to show this is to check the required convergence, and this
is omitted due to the fact that this uses details not given in the main proof.
Integrating term by term (justified as above) however we obtain

tl0 1 i

where

a; :=fMui(x,x)wg(:c).

Corollary. If (M,g) and (M',g") are isospectral then they have the same volume
and the same dimension.

Proof. Isospectrality implies Z(ys 4)(t) = Z(ap gy (t) for all ¢. In particular, d = d’
and ag(M, g) = ag(M’,g"). But from (2.4) we have

aO:/;VIuo(z,x)wg(x):fM\/ﬁwg(m):/;wwg(m):vol(M,g).

3. SUNADA’S THEOREM

Problem 3. Prove Sunada’s Theorem: if N is a Riemannian covering of My and
M with covering transformation groups Uy and Us that are almost conjugate in a
group T of isometries of N, then My and Ms are isospectral.

Prove that, if N is the universal covering of My with 71(My) = T and if Uy
and Us are almost conjugate subgroups of T, then the quotient spaces M; := U;\N
are isospectral provided the metrics are chosen so that all the coverings are local
isometries.

Explain briefly how given a Sunada triple (T,Uy,Us) we can construct a pair of
isospectral non-isometric manifolds.

e Let p: N - M be a covering map between two smooth manifolds. Suppose
g is a Riemannian metric on M. Then p*g is a Riemannian metric on IV,
and if we equip N with this metric then p is locally isometric. We call
p: (N,p*g) - (M,g) a Riemannian covering. We say p is of order k if
|p’1(x)| =k for all x € M. If in addition p : M — N is a normal covering
then if p is of order k then the group T of deck transformations consists of
precisely k elements ¢1, ..., ¢k.

e From now on assume that M is complete; this is always the case if M
is compact and means the following. Given any two points x,y € M there
exists a unique distance minimizing geodesic running from x to y. Moreover
every geodesic is defined for all ¢ € R. Consider SM, the unit sphere
SM :={(z,v) e TM : |v|, =1}. Then for any v € S; M we define the unique
geodesic () adapted to (x,v) by

V(w0 (t) = exp, (tv).



SPECTRAL GEOMETRY 10

In other words, 7(,,.) is the unique geodesic such that v ,)(0) = = and
Y(z0)(0) = v. Since M is complete, v(5,)(t) is defined for all £ € R. How-
ever it is only distance minimizing for t sufficiently small. Thus there
exists 7(z,v) € R* u {+o0} such that v(,.)(t) is length minimizing from
t € [0,7(z,v)], but is not length minimizing for ¢ > 7(z,v). If M is com-
pact, then 7(x,v) < oo for all (z,v) € SM.

e Fix x € M. We define the cut locus of z, written C(z) to be the set

C(x) = {exp,(T(z,v)v) : ve S, M}.

It is a non-trivial theorem in Riemannian geometry that for any x € M,
C(7) has measure zero, and M\C(z) is diffeomorphic to a ball B ¢ R%.

e In particular, when integrating over M it makes no difference if we integrate
over the cut locus C'(z):

fM Jog= [ Jey forallwe M, eC™(M).

In the case of a Riemannian covering p: (N, p*g) = (M, g) of order k, since
M\C(z) is diffeomorphic to a ball, p|p~' (M\C(z)) is necessarily a trivial
covering, that is, p~1(M\C(x)) is diffeomorphic to k disjoint balls. In other
words, we can write

p N (M\C(x)) = Nyu---u Ny,

with p; := p|N; : N; > M\C(z) an isometry.

e Giveny € M\C(x), let §; € N; be the unique point in N; such that p(7;) = y;.
Thus p; is map J; — y. Then if T = {¢1 = Id, ¢a,...,¢r} we may assume
that ¢;(71) =7; for all y e M\C(z). In other words, p; o ¢; = p1.

e As y ranges over M\C (o), ¥; := p; ' (y) ranges over N;. In particular, by
definition of the integral we have for any f e C*(M) that

[ @) - P ) = [ @7 @) ),

M\C(z)
where p; f is the function f o p;.

Proposition. Let p: (N,p*g) — (M,g) be a finite normal Riemannian covering
and T denote the group of deck transformations of the covering N - M. Let Ky
denote the heat kernel on N. Then the heat kernel on M is given by

K]\/[(.%',y,t) = ; KN('j;'7(b(g),t)’

where ¥ € pL(z) and T e p~L(y) are arbitrary.

Proof. The first thing to do is check that the expression for Kj,; is well defined.
Pick an arbitrary point zg € M, and write p™ (M\C(z¢)) = Ny u---U N}, as above.
Given x € M\C(z), let T; denote the unique point in N; such that p; = p|V; satisfies
pi(Z;) =x. Write T = {¢ =1d, ..., ¢} where ¢; maps T — F;. It suffices to show
that for all (x,y,t) € (M\C(z9)) x (M\C(z¢)) x R* and all 4,£=1,...,k we have

k k
;KN(’thsj(glLt) = ZlKN(’qusj(gth)

For this we need to know the following: for any isometry v : N — N it holds that

(3.1) Kn(¥(@),¢(9).t) = Kn(@,7,t) for all (7,7,1) e N x N xR™.
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This holds since the Laplacian, and thus also the heat operator, are invariant under
isometries. Thus:

k
> Kn (T, ¢5(Te),t) =

J=1

M=

Ky (67 (F1), ¢56e(Th), 1)

<
I

M=

Kn (%1, 67 ¢500(T1). 1)
1

<
I

M=

KN (T1, mi g0 (01),1),
1

3
I

where m(i, j,¢) is the unique number in {1,...,k} such that ¢, ;¢ = ¢;'¢;¢s.
The point is that since T acts strictly transitively, for any fixed 7, £ the set {m(i, j, ¢) :
j=1,...,k} is precisely the set {1,...,k}.

Now we check that K, is a heat kernel on (M, g). Properties (1) and (2) are
immediate, since they are both local assertions that are preserved under sum, and
p is a local isometry.

The third condition however needs some work. Choose (z,t) € M x R* and
feC>™(M). We want to show that

LKM(xvy’t)f(y)wg(y) = f(=).
We have:

S B @) = [ Ky D))
k
D MU HCAERC AR ORAC
k
= 2 [, KT DG e ()

= S, ENETD o) @ ()

SRR DRI By
= (fop)(@)
= f(2).
This completes the proof. O

Lemma. Let (N,h) be a Riemannian manifold, and let Ky : N x N xR* - R
denote the heat kernel of (N,h). Suppose ¢ € Isom(N,h) and ¢ € Diff(N). Then
for all t € R, it holds that

[ Fn ot @)@ = [ (@6, en).
Proof. We have
[ En@pou™ (@), Hon(a)

[N Ky (), 0 (), )wn ()
[N Ky (), ¢ (@), wn (v (2))
‘/NKN(Zvd)(Z)vt)wh(Z)v

where z = ¢! (z); this works as ¢ is an isometry. O
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Corollary. Let p: (N,p*g) — (M, g) be a finite normal Riemannian covering, and
let T denote the group of deck transformations. Then

Zu()= ¥ Tl [ K@ 0@ 00, @)
CT
Proof. We have
Zu(t) = fM K (@, 2, t)w, ()
= /]V[\C(”LO)ZE;KN(%’@(%) t)wg(z)
» &1 - ~
= X Kn(0;(@1), 9j0i(T1),t)wy ()

ij—l k JMm\C(z0)

= P 1kf Kn(Zj,0;0i(T1),t)w,(T;)
k
, ,Z 1 KN(@,¢j¢i¢;1(fj),t)wg(a¢)

54 k JM\C(z0)

i [ Ky (T, 656107 (), )wpro(F;)
1,j=

il 1 f Kn (T, 0i(T), t)wpeg(T5)
| I ~
- z% [N o, BN @,04(@), O ()

i=1

@ | T,0(7),t)w T
S |T| S [ R 0@ 10w (),

where (#) used (3.1) and both the (1)’s used the previous lemma. O

Corollary. Let p : (N,p*g) - (M,g) be a finite normal Riemannian covering,
and let U denote the group of deck transformations. Suppose U < T, where T <
Isom(N,p*g). Then
T nU
Zu(h= ¥ T el at] [ En@.6(@), ey (@),
irer Ul

Proof. The sum is well defined since the finite group U can intersect only finitely
many of the conjugacy classes [-]7 of T non-trivially. From the last lemma, if
¢, € U are conjugate in T then for all ¢ € R*] it holds that

[ BN @ 0@). (@) = [ Ky (@ 0(@), 00 (@),

Thus the corollary is immediate from the previous one, by aggregating the conjugacy
classes [-]uy of U that are contained in the same conjugacy class [-]r of T O

e Recall that if Uy,Us < T are finite subgroups such that for all ¢ € T',
[[¢]r Uil =[[¢]r n U2

then we say that U; and U, are almost conjugate. Clearly in this case
|U1| = |Uz|. If Uy and Uy are not conjugate then we say that (7, Uy, Us) is a
Sunada triple. Using the fact that the trace of the heat kernel determines
the spectrum of the Laplacian, we immediately obtain Sunada’s theorem.
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Theorem. (Sunada’s theorem)

Let p; : (N,h) — (M;,g;) be finite normal Riemannian coverings (i.e. h =
pigi fori=1,2). Let U; denote the deck transformation group of p;, and let T <
Isom(N, h). Suppose that Uy and Us are almost conjugate. Then My and My are
isospectral.

Lemma. Under the hypotheses of Sunada’s theorem, if Uy and Us are conjugate
in Isom(N,h) then My and My are isometric.

Proof. Let ¢ € Isom(N, h) be an isometry conjugating M; and Ms. Use ¢ to define
an isometry 1) : (My1,91) = (Ms,g2) as follows. Suppose x € M;, and suppose
x = p1(y). Define ¢ (x) = po1p(y). This is well defined, as if 3’ € p;'(z) then there
exists ¢ € Uy such that 3’ = ¢(y). Then if ¢’ € U, is the element 1¢p~! then

p2(y') = 2@ (y) = p20'Y(y) = patb(y)

since pa¢d’ = po.

To see that 1/; is an isometry, it is enough to observe 1/3 is a bijective local isometry,
since then 1& is automatically an isometry. First, 1& is bijective, as we may define
an inverse by applying the same construction to ¢! € Isom(N, h). Secondly, ’(/AJ is
thus an isometry as the same is true of py,ps and . O

e A metric g on a manifold M is said to be bumpy if the following condition
holds for all non-empty open subsets U,V ¢ M: if there exists an isometry
between the Riemannian manifolds (U, if;g) and (V,i},g) then necessarily
U=V (here iy : U > M and iy : V - M denote the inclusions).

Proposition. Suppose po : (N,pig0) = (Mo, go0) is a finite normal Riemannian
covering, where gog is a bumpy metric on My. Let T denote the group of deck
transformations of po, and let Uy, Uy < T. Let p; : (M;,p}g90) = (Mo, go0) be the
covering induced by the subgroup U; for i = 1,2, that is, M; * NJU;. Then if M
and My are isometric then Uy and Us are conjugate in T .

Proof. Denote by q; : M; - My the covering maps. Then by standard covering
space theory, pg = p; o q; for i = 1,2. Suppose 9 : (M1,pig0) = (Ma,p3g0) is an
isometry. Then v is necessarily fibre preserving, since go is a bumpy metric (and
so points x; € M; that admit isometric neighborhoods must project to the same
point in My). Standard covering space theory then tells us that the subgroups
G; = qix(m1(M;)) < w1 (Mp) are conjugate. Standard covering space theory tells us
that
T = w1 (Mo)/pox(m1(N));
let @ :T — m(Mo)/po«(m1(N)) denote this map. Then

Q(U;) = qix (11 (M;) [pis (1(N))) 2 qis (m1(M;)) [P0« (71 (N)).

Since po : N - My is a normal covering po. (71 (V)) is a normal subgroup of m; (M),
the fact that ¢;. (1 (M;)) are conjugate in 71 (Mp) implies that ®(U;) are conjugate
in 71 (My)/po«(m1(N)). Since ® is an isomorphism, the U; are conjugate in 7.

Corollary. In the situation described in the previous proposition, a necessary and
sufficient condition for (My,pigo) and (Ma,p5go) to be an isospectral non-isometric
pair is if (T,U1,Us) is a Sunada triple.

e Suppose we have a Sunada triple (T, U;,Us). Then we can use the material
above to build isospectral non-isometric manifolds, subject to being able to
solve two problems. Firstly, we need to be able to find a manifold My with
m1(My) 2 T. Secondly, we need to be able to give My a bumpy metric. We
won’t address the second question, as whilst this is indeed always possible
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(Sunada’s lemma tells us that the set of bumpy metrics is residual in the
set of all metrics on a closed manifold), this isn’t examinable this year. The
first point is probably semi-examinable. The precise statement is: let T be
a finitely presented group. Then for any d > 4 there exists a closed manifold
M® with 7y (M) = T. T won’t go into any of the details here - I think the
exposition in his notes is very good.



