
SPECTRAL GEOMETRY

WILL J. MERRY

Abstract. Brief notes on various parts of Dennis Barden’s 2009 Part III
course on Spectral Geometry

1. The definition of the Laplacian

Problem 1. Give three alternative definitions of the Laplacian acting on the func-
tions on a Riemannian manifold and prove their equivalence.

Let (Md, g) be a closed connected orientable Riemannian manifold.
● Let ω ∈ Ωd(M) denote the volume form defined by the metric and the
orientation. Suppose (xi) are local positively oriented coordinates over
U ⊆M . Let G ∶= [gij]. Then define ωU ∈ Ωd(U) by

ωU ∶=
√

det Gdx1 ∧ ⋅ ⋅ ⋅ ∧ dxd.
Then ωU is defined globally. Indeed, if (yi) are local positively oriented
coordinates over V ⊆M with U ∩ V ≠ ∅ then we need to show that

ωU ∣U ∩ V = ωV ∣U ∩ V.
Write

F ij =
∂xi

∂yj
, Hj

i =
∂yj

∂xi
;

note that F =H−1. Then

dxi = F ijdyj , ∂xi =Hj
i ∂yj .

dx1 ∧ ⋅ ⋅ ⋅ ∧ dxd = det F ⋅ dy1 ∧ ⋅ ⋅ ⋅ ∧ dyd.
Moreover if g′ij = ⟨∂yi , ∂yj ⟩ then since

gij = ⟨∂xi , ∂xj ⟩ =Hk
i H

`
j ⟨∂yk , ∂y`⟩ =Hk

i g
′
k`H

j
`

we have
G =HG′HT,

and thus√
det Gdx1 ∧ ⋅ ⋅ ⋅ ∧ dxd =

√
det HG′HT det Fdy1 ∧ ⋅ ⋅ ⋅ ∧ dyd

=
√

det G′dy1 ∧ ⋅ ⋅ ⋅ ∧ dyd,
since det HHT = 1

(det F )2
.

● Given f ∈ C∞(M), we have df ∈ Ω1(M) and thus df# ∈ X(M). Here
♭ ∶ TM → T ∗M and # ∶ T ∗M → TM denote the ‘musical’ isomorphisms

♭ ∶ vi∂i ↦ gijv
idxj

with inverse
# ∶ fjdxj ↦ gijfj∂i.

● Given X ∈ X(M), we define the divergence of X to be the function div(X) ∈
C∞(M) given implicitly by

div(X)ω = d(iXω).
1
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Definition. Given f ∈ C∞(M), define the Laplacian

∆f ∶= div(df#).
Thus ∆f ∈ C∞(M).

Lemma. Suppose f ∈ C∞(M) and X ∈ X(M). Then

div(fX) = df(X) + fdiv(X).

Proof. Suppose x ∈ M . We prove the result at x. This is sufficient, as both sides
are functions, and thus it is sufficient to verify it pointwise. If X(x) = 0 then both
sides are zero. Otherwise, fix a coordinate neighborhood U ⊆ M with x ∈ U over
which ω∣U is given by ωU and such that X ≠ 0 on U . Since TM is trivial over U ,
we may pick a local frame (X = X1,X2, . . . ,Xd). Then for any 1-form α ∈ Ω1(U)
we have

(α ∧ iXωU)(X1,X2, . . . ,Xd) = α(X)iXωU(X2, . . . ,Xd)
= (α(X)ωU)(X1,X2, . . . ,Xd).

Since (Xi) is a local frame, we conclude

α ∧ iXωU = α(X)ωU .
The result follows by applying this to α = df , and using the fact that ωU(x) ≠ 0. �

● The metric defines an L2-inner product ⟨⋅, ⋅⟩L2 on C∞(M) by setting

⟨f, h⟩L2 ∶= ∫
M
fg ω.

Similarly we obtain an L2-inner product (also denoted by) ⟨⋅, ⋅⟩L2 on Ω1(M)
by setting

⟨α,β⟩L2 ∶= ∫
M

⟨α#, β#⟩ ω.

● The adjoint δ of the exterior derivative defines (in particular) a map Ω1(M) →
C∞(M) according to the recipe

⟨f, δα⟩L2 = ⟨df,α⟩L2 .

Definition. Given f ∈ C∞(M), define the Laplacian

∆f ∶= −δdf.
Thus ∆f ∈ C∞(M).

Lemma. It holds that
δα = −div(α#).

Proof. We show
⟨df,α⟩L2 = ⟨f,−div(α#)⟩

L2 .

For this one observes that

df(α#) + fdiv(α#) = div(fα#)
by the previous lemma and hence

⟨df,α⟩L2 − ⟨f,−div(α#)⟩
L2 = ∫

M
div(fα#)ω = ∫

M
fdα#ω,

and the last integral is zero by Stokes’ theorem. �

Corollary. Definition 1 is equivalent to Definition 2.
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● Let f ∈ C∞(M). We define the Hessian Hess(f) of f to be ∇(df); here ∇
denotes the Levi-Civita connection of (M,g) acting on 1-forms. Thus given
vector fields X,Y ∈ X(M) we have

Hess(f)(X,Y ) ∶= ∇X(df)(Y ) =X(df(Y )) − df(∇XY ).
Suppose (xi) are normal coordinates at a point x ∈M . Let us compute the
expression for Hess(f)(x) in these coordinates. We have

df = ∂ifdxi,
and hence if

Hess(f) =Hijdx
i ⊗ dxj

we have
Hess(f)(∂i, ∂j) = ∂ijf − df(∇∂i∂j),

and using
∇∂i∂j(x) = 0

we have
Hess(f)(x) = ∂ijf(x),

that is
Hij(x) = ∂ijf(x).

● Given a (0,2)-tensor β, we define the trace of β to be function tr(β) ∈
C∞(M) defined as follows. Suppose x ∈ M . Let (Xi) be an orthonormal
frame of TM on a neighborhood of M . Then

tr(β)(x) ∶=
d

∑
i=1

β(Xi,Xi).

● In particular, taking the orthonormal frame to be (∂i) where the (xi) are
orthonormal coordinates we have

tr(Hess(f))(x) =
d

∑
i=1

∂iif(x).

Definition. Given f ∈ C∞(M), define the Laplacian

∆f ∶= tr(Hess(f)).
Thus ∆f ∈ C∞(M).

Lemma. Using Definition 1, the Laplacian is given in local coordinates (xi) on
U ⊆M by

∆f = gij∂ijf + lower order terms.

Proof. For convenience, put ν ∶=
√

det G where G = [gij] so that

ωU = νdx1 ∧ ⋅ ⋅ ⋅ ∧ dxd.
Then if X = ai∂i is any vector field we have

iXωU(∂1, . . . , ∂̂i, . . . , ∂d) = ωU(X,∂1, . . . , ∂̂i, . . . , ∂d)
= (−1)i−1ωU(∂1, . . . , ∂i−1,X, ∂i+1, . . . ∂d),

and the last term is equal to (−1)i−1νai, since all the other terms die. Since {dx1 ∧
⋅ ⋅ ⋅ ∧ d̂xi ∧ ⋅ ⋅ ⋅ ∧ dxd} forms a local frame for Ωd−1(M) we conclude that

iXωU =
d

∑
i=1

(−1)i−1νaidx1 ∧ ⋅ ⋅ ⋅ ∧ d̂xi ∧ ⋅ ⋅ ⋅ ∧ dxd,
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and thus

d(iXωU) =
d

∑
i,j=1

(−1)i−1∂j(νai)dxj ∧ dx1 ∧ ⋅ ⋅ ⋅ ∧ d̂xi ∧ ⋅ ⋅ ⋅ ∧ dxd

= ∂i(νai)
1
ν
ωU .

Thus

div(X) = 1
ν
∂i(νai).

Now take X = df# to obtain

∆f = div(df#) = 1
ν
∂i(νgij∂jf) = gij∂ijf + lower order terms.

�

Corollary. Definition 1 is equivalent to Definition 3.

Proof. Apply the previous lemma in the special case where the (xi) are normal
coordinates at a point x ∈M , so gij(x) = δij(x), and hence in this case the lemma
simplifies to give

div(df#)(x) =
d

∑
i=1

∂iif(x),

which is also equal to tr(Hess(f))(x) in these coordinates. �

2. The heat kernel

Problem 2. Define the heat kernel, heat trace and heat invariants of a Riemannian
manifold. Prove that a heat kernel exists and is unique. Derive an expression for
the heat trace involving the spectrum of the Laplacian, and deduce that isospectral
manifolds have the same dimension and volume.

Let (Md, g) be a closed connected oriented manifold.
● A heat kernel for (M,g) is a function

K ∶M ×M ×R+ → R;

(x, y, t) ↦K(x, y, t),
where R+ ∶= {t ∈ R ∶ t > 0} with the following properties:
(1) The map x ↦ K(x, y, t) is of class C0 for fixed (y, t) ∈ M × R+. The

map y ↦ K(x, y, t) is of class C2 for fixed (x, t) ∈ M × R+. The map
t↦K(x, y, t) is of class C1 for fixed (x, y) ∈M ×M .

(2) (∂t −∆y)[K] ≡ 0.
(3) For any x ∈M and any f ∈ C∞(M) it holds that

f(x) = lim
t↓0
∫
M
K(x, y, t)f(y)ωg(y).

● Let L2(M) denote the space of measurable functions f ∶ M → R for with
finite L2-norm. Then (L2(M), ⟨⋅, ⋅⟩L2) is a Hilbert space. The Laplacian
∆ is an elliptic self-adjoint negative-definite operator on L2(M), and as
such its spectrum is discrete and accumulates only at −∞. From standard
facts about elliptic operators we deduce the following: each eigenspace of
∆ is finite-dimensional, and any eigenfunction is necessarily of class C∞.
Eigenspaces belonging to distinct eigenvalues are L2-orthogonal. Moreover
L2(M) is the Hilbert sum of the eigenspaces.
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● In particular, there exists functions {φi} ⊆ C∞(M) and {λi} ⊆ R− such that

∆φi = λiφi
and such that

δij = ⟨φi, φj⟩L2 = ∫
M
φi(x)φj(x)ωg(x),

and such that if f ∈ L2(M) and

fi ∶= ⟨f, φi⟩L2

then ∑i fiφi converges and is equal to f as an element of L2(M).

Proposition. Assume that a heat kernel K exists for (M,g). Then K is unique.

Proof. If {φi} denotes the orthonormal basis of L2(M) then if

fi(x, t) ∶= ∫
M
K(x, y, t)φi(y)ωg(y)

then ∑i fi(x, t)φi(y) converges and is equal to K as elements of L2(M). Since
t ↦ K(x, y, t) is of class C1 and M is compact, we may differentiate under the
integral sign to obtain:

∂tfi(x, t) = ∫
M
∂tK(x, y, t)φi(y)ωg(y)

= ∫
M

∆yK(x, y, t)φi(y)ωg(y)

= ∫
M
K(x, y, t)∆yφi(y)ωg(y)

= λi ∫
M
K(x, y, t)φi(y)ωg(y)

= λifi(x, t),

and hence fi(x, t) = Fi(x)eλit. Thus limt↓0 fi(x, t) = Fi(x). But by property (3) of
the heat kernel, we necessarily have

lim
t↓0

fi(x, t) = lim
t↓0
∫
M
K(x, y, t)φi(y)ωg(y) = φi(x),

and hence Fi = φi. We have shown that if Kxt(y) ∶= K(x, y, t) then for all (x, t) ∈
M × R+, the function ∑i eλitφi(x)φi is equal to Kxt as elements of L2(M). This
implies that for any (x, t) ∈M ×R+ we have as n→∞ that

∥Kxt −
n

∑
i=0

eλitφi(x)φi∥
L2

→ 0.

Hence there exists a subsequence {i(k)} ⊆ N such that for all (x, t) ∈M ×R+, the
function

i(k)

∑
i=0

eλitφi(x)φi

converges almost everywhere to Kxt. We are almost done. Observe that by Parse-
val’s inequality, for all (x, y, t) ∈M ×M ×R+ we have

⟨Kx t
2
,Ky t

2
⟩
L2

= ∑
i

eλitφi(x)φi(y).

In particular ∑i eλitφi(x)φi(y) converges for all (x, y, t) ∈M ×M ×R+ as is contin-
uous as a function of all three variables (since the same is true of ⟨Kx t

2
,Ky t

2
⟩
L2
.

This completes the proof. �
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● Let x ∈M and let ε > 0 be such that expx ∶ Dε(x) → Bε(x) is a diffeomor-
phism. Here

Dε(x) ∶= {v ∈ TxM ∶ ∥v∥x < ε}
and

Bε(x) ∶= {y ∈M ∶ d(x, y) < ε} .
Choose coordinates (r,ϕ1, . . . , ϕd−1) on Dε(x), where (ϕ1, . . . , ϕd−1) are
coordinates on the sphere SxM ∶= {v ∈ TxM ∶ ∥v∥x = 1} and r is the
radial coordinate. Via exp−1

x , we may consider these coordinates as defining
coordinates (r,ϕ1, . . . , ϕd−1) on Bε(x) (such coordinates are then called
geodesic polar coordinates). Let G denote the matrix given by the metric
in this chart. Define

ν ∶ Bε(x) → R;

ν(r,ϕ) =
√

detG(r,ϕ).
Suppose now f ∈ C∞(Bε(x)) is a radial function, that is there exists ψ ∶
R→ R such that,

f(r,ϕ) = ψ(r).
Then we can compute the Laplacian ∆f in these coordinates by:

(2.1) ∆f = ∂rrψ + ∂rψ (ν
′

ν
+ d − 1

r
) .

● Let f, h ∈ C∞(M). Then

(2.2) ∆(fh) = f∆h + 2 ⟨df, dg⟩ + h∆f.

Indeed, if α is any 1-form then

δ(fα) = −div(f ⋅ α#) = df(α#) + fdiv(α#),

and thus
δ(fdh) = fδdh − ⟨df, dh⟩ .

Hence

∆(fh) = −δd(fh)
= −δ(fdh + hdf)
= −fδdh + 2 ⟨df, dh⟩ − hδdf
= f∆h + 2 ⟨df, dh⟩ + h∆f.

Theorem. There exists a heat kernel on (M,g).

Proof. SinceM is closed, the convexity radius ρ of (M,g) is positive. By definition,
the convexity radius of (M,g) is defined by

ρ = inf
x∈M

ρx;

ρx ∶= sup{r > 0 ∶ any two points y, z ∈ Br(x) are joined by a unique geodesic segment} .
Set

W ∶= {(x, y) ∈M ∶ d(x, y) < ρ}.
We will define the heat kernel on W in several stages. First define G ∶ U ×R+ → R
by

G(x, y, t) ∶= 1
(4πt)d/2 e

−
d2
(x,y)
4t .
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By choice of U , d2∣U is of class C∞ and hence so is G. Since G is radial, by (2.1)
we have

∆yG = −∂rrG − ∂rG(ν
′

ν
+ d − 1

r
)

= −(d + rν
′

ν
− r

2

2t
) G

2t
,

using the fact that

∂rG = − r
2t
G, ∂rrG = − 1

2t
(1 − r

2

2t
)G.

We must modify G to obtain the heat kernel we want, and we shall do so as
follows: we find functions {ui ∶W → R} such that if Uk ∶W ×R+ → R is defined by

Uk(x, y, t) ∶=
k

∑
i=0

ui(x, y)ti

and Sk ∶W ×R+ → R is defined by

Sk(x, y, t) ∶= G(x, y, t)Uk(x, y, t)
then for k sufficiently large, Sk will (almost) be a heat kernel.

Using (2.2), we have

∆ySk = Uk∆G + 2 ⟨dG, dUk⟩ +G∆yUk,

In geodesic polar coordinates

dG = ∂rG ⋅ ∂r + ∂ϕiG ⋅ ∂ϕi .

Since G is radial, ∂ϕiG = 0 and thus dG = ∂rG ⋅ ∂r. The Gauss lemma tells us that

⟨∂r, ∂r⟩ = 1, ⟨∂r, ∂ϕi⟩ = 0,

and hence
⟨dG, dUk⟩ = ∂rG ⋅ ∂rUk.

From this we conclude that

(∂t −∆y)[Sk] = G( ν
′r

2νt
Uk +

r

t
∂rUk + ∂tUk −∆yUk) .

Our aim is to choose the {ui} such that for each k we have

(2.3)
ν′r

2νt
Uk +

r

t
∂rUk + ∂tUk −∆yUk = ∆yuk ⋅ tk.

This is the best we can do; ideally we would simply choose the {ui} such that

ν′r

2νt
Uk +

r

t
∂rUk + ∂tUk −∆yUk = 0

but this is in general not possible. Assuming (2.3) for a second, we briefly sketch
how this leads to the construction of the heat kernel. Pick a bump function η ∈
C∞(M ×M) such that η ≡ 1 on {(x, y) ∈ M ×M ∶ d(x, y) < ρ/2} and η ≡ 0 on
M ×M/W . Set Hk ∶= ηSk. Then Hk ∈ C∞(M ×M ×R+). Then it turns out that
if k > d/2 then Hk satisfies properties (1) and (3) of the heat kernel. In order to
make Hk satisfy property (2) one needs to take a sum with signs of convolutions
of Hk; this part is non-examinable and so is omitted.

It remains therefore to verify (2.3). To do this we induct on k. The coefficient
of t−1 is

rν′

2ν
u0 + r∂ru0
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and the coefficient of ti for 0 ≤ i ≤ k − 1 is

(rν
′

2ν
+ i + 1)ui+1 + r∂rui+1 −∆yui.

We conclude that
∂r(logu0) = −

1
2
∂r(log ν),

from which it follows that u0 is (up to a constant) given by

(2.4) u0 =
1√
ν
.

Now make the lucky guess that ui is of the form

ui =
k(r)
ri
√
ν

for some function k(r). Simple manipulations tell us that this choice of ui will work
if and only if the function k satisfies

∂rk = ri−1√ν ⋅∆yui−1.

Let {x(s) ∶ s ∈ [0, r]} be the unique unit speed geodesic running from x to y.
Assuming we have already defined ui−1 and using the fact that ∆yui−1 is a function
of r along this geodesic, we can solve this equation to get

k(r) = ∫
r

0

√
ν(x(s)) ⋅∆yui−1(x(s), y) ⋅ si−1ds;

putting this altogether gives

ui(x, y) =
1

(d(x, y))i√ν ∫
r

0

√
ν(x(s))∆yui−1(x(s), y) ⋅ si−1ds,

and this completes the verification of (2.3). �

● The trace of the heat kernel is the function Z ∶ R+ → R given by

Z(t) ∶= ∫
M
K(x,x, t)ωg(x),

where K is the heat kernel on (M,g). Using the proposition that

K(x, y, t) = ∑
i

eλitφi(x)φi(y)

we can easily prove that

Z(t) = ∑
i

eλit.

Indeed, since ∑i eλitφi(x)2 converges to K(x,x, t) for all x and each term is
non-negative, the dominated convergence theorem tells us we can integrate
term by term to deduce

∫
M
K(x,x, t)ωg(x) = ∑

i

eλit ⟨φi, φi⟩L2 = ∑
i

eλit.

Corollary. The trace of the heat kernel determines the eigenvalues of the Laplacian.

Proof. Since M is closed, the only harmonic functions are constant; thus λ0 = 0
and λ1 < 0 (where we order the eigenvalues of ∆ as λ0 > λ1 > λ2 . . . , counted with
multiplicities. Assuming we already know λ0, λ1, . . . , λi for i ≥ 0 we have

λi+1 = min
⎧⎪⎪⎨⎪⎪⎩
µ < 0 ∶ lim

t→∞

Z(t) −∑ij=0 eλjt

eµt
< ∞

⎫⎪⎪⎬⎪⎪⎭
.

�
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● A function A ∶ R+ → R has asymptotic expansion A(t) t↓0≈ ∑i biti as t ↓ 0 if

lim
t↓0

A(t) −∑Ni=0 biti
tN

= 0

for all N ∈ N.
● The function K(x,x, t) has asymptotic expansion

K(x,x, t) t↓0≈ 1
(4πt)d/2 ∑i

ui(x,x)ti.

All that remains to show this is to check the required convergence, and this
is omitted due to the fact that this uses details not given in the main proof.
Integrating term by term (justified as above) however we obtain

Z(t) t↓0≈ 1
(4πt)d/2 ∑ait

i

where
ai ∶= ∫

M
ui(x,x)ωg(x).

Corollary. If (M,g) and (M ′, g′) are isospectral then they have the same volume
and the same dimension.

Proof. Isospectrality implies Z(M,g)(t) = Z(M ′,g′)(t) for all t. In particular, d = d′
and a0(M,g) = a0(M ′, g′). But from (2.4) we have

a0 = ∫
M
u0(x,x)ωg(x) = ∫

M

1√
ν(0)

ωg(x) = ∫
M
ωg(x) = vol(M,g).

�

3. Sunada’s Theorem

Problem 3. Prove Sunada’s Theorem: if N is a Riemannian covering of M1 and
M2 with covering transformation groups U1 and U2 that are almost conjugate in a
group T of isometries of N , then M1 and M2 are isospectral.

Prove that, if N is the universal covering of M0 with π1(M0) = T and if U1

and U2 are almost conjugate subgroups of T , then the quotient spaces Mi ∶= Ui/N
are isospectral provided the metrics are chosen so that all the coverings are local
isometries.

Explain briefly how given a Sunada triple (T,U1, U2) we can construct a pair of
isospectral non-isometric manifolds.

● Let p ∶ N →M be a covering map between two smooth manifolds. Suppose
g is a Riemannian metric on M . Then p∗g is a Riemannian metric on N ,
and if we equip N with this metric then p is locally isometric. We call
p ∶ (N,p∗g) → (M,g) a Riemannian covering. We say p is of order k if
∣p−1(x)∣ = k for all x ∈ M . If in addition p ∶ M → N is a normal covering
then if p is of order k then the group T of deck transformations consists of
precisely k elements φ1, . . . , φk.

● From now on assume that M is complete; this is always the case if M
is compact and means the following. Given any two points x, y ∈M there
exists a unique distance minimizing geodesic running from x to y. Moreover
every geodesic is defined for all t ∈ R. Consider SM , the unit sphere
SM ∶= {(x, v) ∈ TM ∶ ∣v∣x = 1}. Then for any v ∈ SxM we define the unique
geodesic γ(x,v) adapted to (x, v) by

γ(x,v)(t) ∶= expx(tv).
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In other words, γ(x,v) is the unique geodesic such that γ(x,v)(0) = x and
γ̇(x,v)(0) = v. Since M is complete, γ(x,v)(t) is defined for all t ∈ R. How-
ever it is only distance minimizing for t sufficiently small. Thus there
exists τ(x, v) ∈ R+ ∪ {+∞} such that γ(x,v)(t) is length minimizing from
t ∈ [0, τ(x, v)], but is not length minimizing for t > τ(x, v). If M is com-
pact, then τ(x, v) < ∞ for all (x, v) ∈ SM .

● Fix x ∈M . We define the cut locus of x, written C(x) to be the set

C(x) ∶= {expx(τ(x, v)v) ∶ v ∈ SxM} .

It is a non-trivial theorem in Riemannian geometry that for any x ∈ M ,
C(x) has measure zero, and M/C(x) is diffeomorphic to a ball B ⊆ Rd.

● In particular, when integrating overM it makes no difference if we integrate
over the cut locus C(x):

∫
M
fωg = ∫

C(x)
fωg for all x ∈M,f ∈ C∞(M).

In the case of a Riemannian covering p ∶ (N,p∗g) → (M,g) of order k, since
M/C(x) is diffeomorphic to a ball, p∣p−1(M/C(x)) is necessarily a trivial
covering, that is, p−1(M/C(x)) is diffeomorphic to k disjoint balls. In other
words, we can write

p−1(M/C(x)) = N1 ⊔ ⋅ ⋅ ⋅ ⊔Nk,

with pi ∶= p∣Ni ∶ Ni →M/C(x) an isometry.
● Given y ∈M/C(x), let ỹi ∈ Ni be the unique point inNi such that p(ỹi) = yi.
Thus pi is map ỹi ↦ y. Then if T = {φ1 = Id, φ2, . . . , φk} we may assume
that φi(ỹ1) = ỹi for all y ∈M/C(x). In other words, pi ○ φi = p1.

● As y ranges over M/C(x0), ỹi ∶= p−1
i (y) ranges over Ni. In particular, by

definition of the integral we have for any f ∈ C∞(M) that

∫
M
f(y)ωg(y) = ∫

M/C(x)
f(y)ωg(y) = ∫

Ni

(p∗i f)(ỹi)ωp∗g(ỹi),

where p∗i f is the function f ○ pi.

Proposition. Let p ∶ (N,p∗g) → (M,g) be a finite normal Riemannian covering
and T denote the group of deck transformations of the covering N → M . Let KN

denote the heat kernel on N . Then the heat kernel on M is given by

KM(x, y, t) ∶= ∑
φ∈T

KN(x̃, φ(ỹ), t),

where x̃ ∈ p−1(x) and ỹ ∈ p−1(y) are arbitrary.

Proof. The first thing to do is check that the expression for KM is well defined.
Pick an arbitrary point x0 ∈M , and write p−1(M/C(x0)) = N1 ⊔ ⋅ ⋅ ⋅ ⊔Nk as above.
Given x ∈M/C(x0), let x̃i denote the unique point in Ni such that pi = p∣Ni satisfies
pi(x̃i) = x. Write T = {φ1 = Id, . . . , φk} where φi maps x̃ ↦ x̃i. It suffices to show
that for all (x, y, t) ∈ (M/C(x0)) × (M/C(x0)) ×R+ and all i, ` = 1, . . . , k we have

k

∑
j=1

KN(x̃1, φj(ỹ1), t) =
k

∑
j=1

KN(x̃i, φj(ỹ`), t).

For this we need to know the following: for any isometry ψ ∶ N → N , it holds that

(3.1) KN(ψ(x̃), ψ(ỹ), t) =KN(x̃, ỹ, t) for all (x̃, ỹ, t) ∈ N ×N ×R+.
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This holds since the Laplacian, and thus also the heat operator, are invariant under
isometries. Thus:

k

∑
j=1

KN(x̃i, φj(ỹ`), t) =
k

∑
j=1

KN(φ−1
i (x̃1), φjφ`(ỹ1), t)

=
k

∑
j=1

KN(x̃1, φ
−1
i φjφ`(ỹ1), t)

=
k

∑
m=1

KN(x̃1, φm(i,j,`)(ỹ1), t),

where m(i, j, `) is the unique number in {1, . . . , k} such that φm(i,j,`) = φ−1
i φjφ`.

The point is that since T acts strictly transitively, for any fixed j, ` the set {m(i, j, `) ∶
j = 1, . . . , k} is precisely the set {1, . . . , k}.

Now we check that KM is a heat kernel on (M,g). Properties (1) and (2) are
immediate, since they are both local assertions that are preserved under sum, and
p is a local isometry.

The third condition however needs some work. Choose (x, t) ∈ M × R+ and
f ∈ C∞(M). We want to show that

∫
M
KM(x, y, t)f(y)ωg(y) = f(x).

We have:

∫
M
KM(x, y, t)f(y)ωg(y) = ∫

M/C(x0)
KM(x, y, t)f(y)ωg(y)

=
k

∑
i=1
∫
M/C(x0)

KN(x̃1, φi(ỹ1), t)f(y)ωg(y)

=
k

∑
i=1
∫
Ni

KN(x̃1, ỹi, t)(p∗i f)(ỹi)ωp∗g(ỹi)

= ∫
N1⊔⋅⋅⋅⊔Nk

KN(x̃1, ỹ, t)(f ○ p)(ỹ)ωp∗g(ỹ)

= ∫
N
KN(x̃1, ỹ, t)(f ○ p)(ỹ)ωp∗g(ỹ)

= (f ○ p)(x̃1)
= f(x).

This completes the proof. �

Lemma. Let (N,h) be a Riemannian manifold, and let KN ∶ N × N × R+ → R
denote the heat kernel of (N,h). Suppose ψ ∈ Isom(N,h) and φ ∈ Diff(N). Then
for all t ∈ R+, it holds that

∫
N
KN(x,ψφψ−1(x), t)ωh(x) = ∫

N
(x,φ(x), t)ωh(x).

Proof. We have

∫
N
KN(x,ψφψ−1(x), t)ωh(x) = ∫

N
KN(ψ−1(x), φψ−1(x), t)ωh(x)

= ∫
N
KN(ψ−1(x), φψ−1(x), t)ωh(ψ−1(x))

= ∫
N
KN(z, φ(z), t)ωh(z),

where z = ψ−1(x); this works as ψ is an isometry. �
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Corollary. Let p ∶ (N,p∗g) → (M,g) be a finite normal Riemannian covering, and
let T denote the group of deck transformations. Then

ZM(t) = ∑
[φ]⊆T

∣[φ]∣
∣T ∣ ∫N KN(x̃, φ(x̃), t)ωp∗g(x̃).

Proof. We have

ZM(t) = ∫
M
KM(x,x, t)ωg(x)

= ∫
M/C(x0)

k

∑
i=1

KN(x̃1, φi(x̃1), t)ωg(x)

(∗)=
k

∑
i,j=1

1
k
∫
M/C(x0)

KN(φj(x̃1), φjφi(x̃1), t)ωg(x)

=
k

∑
i,j=1

1
k
∫
Nj

KN(x̃j , φjφi(x̃1), t)ωg(x̃j)

=
k

∑
i,j=1

1
k
∫
M/C(x0)

KN(x̃j , φjφiφ−1
j (x̃j), t)ωg(x)

=
k

∑
i,j=1

1
k
∫
Nj

KN(x̃j , φjφiφ−1
j (x̃j), t)ωp∗g(x̃j)

(†)=
k

∑
i,j=1

1
k
∫
Nj

KN(x̃j , φi(x̃j), t)ωp∗g(x̃j)

=
k

∑
i=1

1
k
∫
N1⊔⋅⋅⋅⊔Nk

KN(x̃, φi(x̃), t)ωp∗g(x̃)

(†)= ∑
[φ]⊆T

∣[φ]∣
∣T ∣ ∫N KN(x̃, φ(x̃), t)ωp∗g(x̃),

where (∗) used (3.1) and both the (†)’s used the previous lemma. �

Corollary. Let p ∶ (N,p∗g) → (M,g) be a finite normal Riemannian covering,
and let U denote the group of deck transformations. Suppose U ≤ T , where T ≤
Isom(N,p∗g). Then

ZM(t) ∶= ∑
[φ]T ⊆T

∣[φ]T ∩U ∣
∣U ∣ ∫

N
KN(x̃, φ(x̃), t)ωp∗g(x̃).

Proof. The sum is well defined since the finite group U can intersect only finitely
many of the conjugacy classes [⋅]T of T non-trivially. From the last lemma, if
φ,ψ ∈ U are conjugate in T then for all t ∈ R+, it holds that

∫
N
KN(x̃, φ(x̃), t)ωp∗g(x̃) = ∫

N
KN(x̃, ψ(x̃), t)ωp∗g(x̃).

Thus the corollary is immediate from the previous one, by aggregating the conjugacy
classes [⋅]U of U that are contained in the same conjugacy class [⋅]T of T . �

● Recall that if U1, U2 ≤ T are finite subgroups such that for all φ ∈ T ,
∣[φ]T ∩U1∣ = ∣[φ]T ∩U2∣

then we say that U1 and U2 are almost conjugate. Clearly in this case
∣U1∣ = ∣U2∣. If U1 and U2 are not conjugate then we say that (T,U1, U2) is a
Sunada triple. Using the fact that the trace of the heat kernel determines
the spectrum of the Laplacian, we immediately obtain Sunada’s theorem.
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Theorem. (Sunada’s theorem)
Let pi ∶ (N,h) → (Mi, gi) be finite normal Riemannian coverings (i.e. h =

p∗i gi for i = 1,2). Let Ui denote the deck transformation group of pi, and let T ≤
Isom(N,h). Suppose that U1 and U2 are almost conjugate. Then M1 and M2 are
isospectral.

Lemma. Under the hypotheses of Sunada’s theorem, if U1 and U2 are conjugate
in Isom(N,h) then M1 and M2 are isometric.

Proof. Let ψ ∈ Isom(N,h) be an isometry conjugatingM1 andM2. Use ψ to define
an isometry ψ̂ ∶ (M1, g1) → (M2, g2) as follows. Suppose x ∈ M1, and suppose
x = p1(y). Define ψ̂(x) = p2ψ(y). This is well defined, as if y′ ∈ p−1

1 (x) then there
exists φ ∈ U1 such that y′ = φ(y). Then if φ′ ∈ U2 is the element ψφψ−1 then

p2ψ(y′) = p2ψφ(y) = p2φ
′ψ(y) = p2ψ(y)

since p2φ
′ = p2.

To see that ψ̂ is an isometry, it is enough to observe ψ̂ is a bijective local isometry,
since then ψ̂ is automatically an isometry. First, ψ̂ is bijective, as we may define
an inverse by applying the same construction to ψ−1 ∈ Isom(N,h). Secondly, ψ̂ is
thus an isometry as the same is true of p1, p2 and ψ. �

● A metric g on a manifold M is said to be bumpy if the following condition
holds for all non-empty open subsets U,V ⊆M : if there exists an isometry
between the Riemannian manifolds (U, i∗Ug) and (V, i∗V g) then necessarily
U = V (here iU ∶ U ↪M and iV ∶ V ↪M denote the inclusions).

Proposition. Suppose p0 ∶ (N,p∗0g0) → (M0, g0) is a finite normal Riemannian
covering, where g0 is a bumpy metric on M0. Let T denote the group of deck
transformations of p0, and let U1, U2 ≤ T . Let pi ∶ (Mi, p

∗
i g0) → (M0, g0) be the

covering induced by the subgroup Ui for i = 1,2, that is, Mi ≅ N/Ui. Then if M1

and M2 are isometric then U1 and U2 are conjugate in T .

Proof. Denote by qi ∶ Mi → M0 the covering maps. Then by standard covering
space theory, p0 = pi ○ qi for i = 1,2. Suppose ψ ∶ (M1, p

∗
1g0) → (M2, p

∗
2g0) is an

isometry. Then ψ is necessarily fibre preserving, since g0 is a bumpy metric (and
so points xi ∈ Mi that admit isometric neighborhoods must project to the same
point in M0). Standard covering space theory then tells us that the subgroups
Gi ∶= qi∗(π1(Mi)) ≤ π1(M0) are conjugate. Standard covering space theory tells us
that

T ≅ π1(M0)/p0∗(π1(N));
let Φ ∶ T → π1(M0)/p0∗(π1(N)) denote this map. Then

Φ(Ui) = qi∗(π1(Mi)/pi∗(π1(N))) ≅ qi∗(π1(Mi))/p0∗(π1(N)).
Since p0 ∶ N →M0 is a normal covering p0∗(π1(N)) is a normal subgroup of π1(M0),
the fact that qi∗(π1(Mi)) are conjugate in π1(M0) implies that Φ(Ui) are conjugate
in π1(M0)/p0∗(π1(N)). Since Φ is an isomorphism, the Ui are conjugate in T . �

Corollary. In the situation described in the previous proposition, a necessary and
sufficient condition for (M1, p

∗
1g0) and (M2, p

∗
2g0) to be an isospectral non-isometric

pair is if (T,U1, U2) is a Sunada triple.

● Suppose we have a Sunada triple (T,U1, U2). Then we can use the material
above to build isospectral non-isometric manifolds, subject to being able to
solve two problems. Firstly, we need to be able to find a manifold M0 with
π1(M0) ≅ T . Secondly, we need to be able to give M0 a bumpy metric. We
won’t address the second question, as whilst this is indeed always possible
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(Sunada’s lemma tells us that the set of bumpy metrics is residual in the
set of all metrics on a closed manifold), this isn’t examinable this year. The
first point is probably semi-examinable. The precise statement is: let T be
a finitely presented group. Then for any d ≥ 4 there exists a closed manifold
Md with π1(M) ≅ T . I won’t go into any of the details here - I think the
exposition in his notes is very good.


