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Abstract

Dirichlet’s theorem states that, if a and b are coprime integers then there
are infinitely many primes of the form am+b.

This note discusses a simple way to approach this theorem, what snags
arise, how these snags naturally give rise to a modification, and how the
modified approach leads to an actual proof.

The note, including the proof itself, is aimed at first year undergraduates.

1 Introduction and a first attempt
Dirichlet’s theorem states that, if a and b are fixed integers with no common fac-
tor, then there are infinitely many primes of the form am + b where m is some
other integer. Undergraduates typically hear about this theorem very early in their
studies, and might prove the theorem in the case a = 4 (and b =±1), but they are
given the impression that Dirichlet’s theorem itself is beyond their reach. I always
thought this was a shame. The theorem is deep but not inaccessible. It involves
beautiful, but essentially simple, ideas, and the proof can readily be understood
by anyone with only the most elementary knowledge of mathematics. Since it is
one of those proofs that brings delight to anyone with mathematics in their soul,
it deserves to be widely enjoyed.

In this note we assume that the reader is familiar with the most basic ideas
of modular arithmetic (such as p = am + b means p ≡ b (mod a)), and with the
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most basic facts of infinite series — specifically, that an absolutely convergent
series converges, and that its terms can be rearranged without changing the sum.
It will also be helpful to have seen a proof of Lagrange’s theorem on subgroups
of a group, and in the final detailed checks we shall use the Mean Value Theorem.
But that is all, beyond what might have been seen at school. Nonetheless, the
reader will appreciate that there is far more that could be said about the proof
than is contained in this simple introduction. Since Dirichlet proved the theorem
a century and a half ago, his ideas have let to much more deep and beautiful
mathematics. This note is just a first toe poke into the ocean.

Imagine that you wish to prove Dirichlet’s theorem. How could you set about
it? You would, at the least, need a proof that there are infinitely many primes (of
any form). You would also need a technique for sifting out numbers n≡ b (mod a).
Each of these two needs can be met in several well-known ways. Our approach
is to pick ways that look like they can be combined into a proof of Dirichlet’s
theorem. This simple line of thought will take us quickly to a proof of Dirichlet’s
theorem — almost. We get stuck just at the last minute. But by modifying our
method a little so as to avoid the snag, we are led to one of Dirichlet’s most
beautiful discoveries. Armed with this new idea, we are all set. All that remains
is to finish the proof properly.

The first section of this note is, therefore, just motivational chat. The essentials
of the proof itself are contained in the second and third sections. By the end of the
third section we are left with just technicalities to tidy up; the tidying up, which
needs a little work, is performed in the fourth section, before some concluding
remarks.

1.1 Infinitely many primes
A famous proof that there are infinitely many primes, due to Euler, is based on
showing that the series P = ∑p

1
p diverges, the sum being over all primes p. The

idea can be expressed like this:

∑
n≥1

1
n

= ∏
p

(
1+

1
p

+
1
p2 +

1
p3 + . . .

)
= ∏

p

(
1

1−1/p

)
≤∏

p

(
1+

2
p

)
≤ e2P.

The first equation follows because every number can be uniquely expressed as a
product of primes; what is obtained from the product is (the sum of reciprocals of)
every possible product of prime powers. It is well known that the left hand series
diverges, and hence so does P.
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Of course, the very fact that the expressions above are all divergent means
that the argument as stated is nonsense, but we can recover as follows. To avoid
working with divergent series we modify the equation by writing, for each s > 1,

∑
n≥1

1
ns = ∏

p

(
1+

1
ps +

1
p2s +

1
p3s + . . .

)
.

The identity holds for the same reason as before. The left hand side is the fa-
mous Riemann zeta function ζ (s). These expressions converge, as we now show
carefully; indeed, care over convergence of series lies at the heart of the proof of
Dirichlet’s theorem.

Firstly, the left hand side can be estimated by comparing with integrals:

1
2s−1 −

1
(N +1)s−1 =

∫ N+1

2

s−1
xs dx <

N

∑
n=2

s−1
ns <

∫ N

1

s−1
xs dx = 1− 1

Ns−1 .

By taking the limit as N → ∞ we have 21−s ≤ (s− 1)(ζ (s)− 1) ≤ 1, and so the
series for ζ (s) converges for s > 1. We see too that (s−1)ζ (s)→ 1 and so ζ (s)→
∞ as s→ 1+.

The right hand side of the identity is an infinite product, of the form ∏
∞
p=1(1+

ap). Such a product is defined to be limN→∞ ∏p≤N(1+ap). Now

∑
n≤N

1
ns ≤ ∏

p≤N

(
1+

1
ps +

1
p2s +

1
p3s + . . .

)
≤

∞

∑
n=1

1
ns .

The left hand side tends to ζ (s) as N→ ∞, so estabilishing the identity above.
By summing the geometric progressions involved we obtain

∑
n≥1

1
ns = ∏

p

(
1+

1
ps +

1
p2s +

1
p3s + . . .

)
= ∏

p

(
1

1− p−s

)
.

Now the series P(s) = ∑p
1
ps , the sum being over all primes, converges since it

is bounded above by ζ (s). Observe finally that, because 1/(1− r)≤ 1+2r ≤ e2r

for 0≤ r ≤ 1/2, we have

∑
n≥1

1
ns = ∏

p

(
1

1− p−s

)
≤∏

p
e2p−s

= e2P(s) .

Since ζ (s)→ ∞ as s→ 1+ we have P(s)→ ∞ as s→ 1+. But this can happen
only if there are infinitely many primes.
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1.2 Sifting out congruence classes
An undergraduate exercise in probability asks for the probability of obtaining an
even number of heads in n independent tosses of a coin which has probability p
of coming up heads. The required probability is

qn +
(

n
2

)
p2qn−2 +

(
n
4

)
p4qn−4 + . . .+

(
n

2bn/2c

)
p2bn/2cqn−2bn/2c.

This is the sum of the “even powered” terms in the binomial expansion of (q+ p)n.
Can it be expressed more succinctly? The trick is to consider also (q− p)n;

(q+ p)n = qn +
(

n
1

)
pqn−1 +

(
n
2

)
p2qn−2 + . . .+ pn

(q− p)n = qn−
(

n
1

)
pqn−1 +

(
n
2

)
p2qn−2 + . . .+(−1)n pn

and so the probability we are after is ((q+ p)n− (q− p)n)/2 = (1− (1−2p)n)/2.
Suppose instead we were asked for the probability that the number of heads

is divisible by 3. We might think of trying to use the cube roots of unity. And
indeed, this works; if ω = e2πi/3 then the coefficient of

(n
k

)
pkqn−k in (q + p)n +

(q + ω p)n +(q + ω2 p)n is 1k + ωk + ω2k, and it is readily seen that this equals
3 if k is divisible by 3 and equals zero otherwise. Moreover, if we want to pick
out a number of heads equal to 1, 4, 7, 10, . . . , that is, congruent to 1 (mod 3),
we should look at (q + p)n + ω−1(q + ω p)n + ω−2(q + ω2 p)n; the coefficient of(n

k

)
pkqn−k in this expression is 1k + ωk−1 + ω2(k−1), which is non-zero exactly

when k ≡ 1 (mod 3).
It will readily be seen that this idea works just as well if we want to pick out

a number ≡ b (mod a), for any a and b; we just work with a’th roots of unity.
Writing ω = e2πi/a it is not hard to see that 1+ωk +ω2k + . . .+ω(a−1)k is equal
to zero unless k is a multiple of a, in which case it is equal to a, and this can be
used to find the wanted probability.

This way of using roots of unity is the simplest and most natural way to sift
out congruence classes. We won’t verify the details, though, because it turns out
we shall need something a bit different for Dirichlet’s theorem.

1.3 An attempt at Dirichlet’s theorem
We now have a method for sifting out congruence classes from polynomials or
power series. We also have a proof, based on power series, for showing there
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are infinitely many primes. Can we combine these to get a proof of Dirichlet’s
theorem?

Let us define Ψ j(s) = ∑p ω jp p−s, where ω = e2πi/a. Then Ψ0(s) is just P(s)
that we met earlier. If we don’t worry about whether we are allowed to re-order
the terms of a series, we might say that

a−1

∑
j=0

ω
− jb

Ψ j(s) = ∑
p

1
ps

a−1

∑
j=0

ω
j(p−b) = a ∑

p≡b mod a

1
ps .

If we could show that the sum on the right tended to infinity as s→ 1 then we
would have a proof of Dirichlet’s theorem. Now we know that Ψ0(s) = P(s)→∞

as s→ 1+. So, if we could just show that Ψ j(s) is bounded as s→ 1+ for j 6= 0,
we would be done!

But how can we get a grip on a sum like Ψ j(s)? It is not absolutely convergent
when s = 1, because ∑p 1/p diverges. So it is conditionally convergent and we
need to treat it carefully. If it does converge, it does so because, as we run through
the primes, the powers ω jp get quite well spread around the a’th roots of unity,
and so we get plenty of cancellation. But we can’t prove this without knowing
how the primes are distributed amongst the congruence classes (mod a), and that’s
essentially the problem we started with!

The only way we can get hold of this problem is to use a product formula as
we did in §1.1. There, we proved that the series ∑1/p diverged by relating it,
via the product formula, to ∑1/n. The only information we used about primes
was that every number is uniquely expressible as a product of them. The product
formula is, therefore, at the very heart of our method.

Let’s try the idea here. It would be nice if we could relate ∑p w jp p−s to
∑n w jnn−s. We should probably look at

∏
p

(
1−w jp p−s)−1

= ∏
p

(
1+

w jp

ps +
w2 jp

p2s +
w3 jp

p3s . . .

)
.

We are nearly there, but now we hit a snag! The right hand side is not
∑n w jnn−s. Consider, for example, the term where n = 100 = 4× 25. Where we
hope for ω100 j100−s we have instead ω29 j100−s, because 29 = 4+25. The prob-
lem is that, where we want primes to multiply, they are adding instead. We could,
nevertheless, persist with this method, but it is beginning to look unpromising.

How have we hit this snag? Is there a way round it? Dirichlet’s approach
was to reconsider the way we sift out congruence classes. At the moment, we are
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associating a number p with a root of unity ψ(p) = ω jp, and this has the property
that ψ(p)ψ(q) = ψ(p+q). To make the product formula work, we shall need to
pick roots of unity χ(p) such that χ(p)χ(q) = χ(pq). Such a function χ is called
a multiplicative character, as opposed to ψ , which is called an additive character.

We are left with these questions. First, do multiplicative characters exist?
This will enable us to get a product formula. Second, whereas at the moment
we use additive characters to sift out congruence classes, can we somehow use
multiplicative characters instead? And finally, if the answer is yes to the first two
questions and it looks like we have the outline of a proof, can we fill in the details
and make the proof actually work?

Here ends the chat.

2 Multiplicative characters
Let G be the set of integers in the range 1 to a that are coprime to a, considered as
a multiplicative group (by multiplication modulo a). A map χ : G→ C is called
a multiplicative character if χ(g)χ(h) = χ(gh) for all g,h ∈ G. Thus χ(1) = 1
for every χ . Since g|G| = 1 for all g ∈ G it follows that χ maps G to the |G|’th
roots of unity. In particular, there is only a finite number, say c, of characters. The
character χ0 given by χ0(g) = 1 for all g ∈ G is called the principal character.
Let us write z for the complex conjugate of the complex number z. Then, for each
character χ , the map χ , given by χ(g) = χ(g) = χ(g)−1, is also a character. Since
χχ ′ is a character if χ and χ ′ are both characters, and since χχ0 = χ and χχ = χ0,
it follows that the characters themselves form a multiplicative group.

An important fact is that, for each g∈G with g 6= 1, there is a character χg with
χg(g) 6= 1. To find such a χg, let 〈g〉 = {1,g,g2, . . . ,gd−1} be the multiplicative
subgroup of G generated by g. Let ω = e2πi/d . Define χg on 〈g〉 by χg(gl) = ω l .
Having now defined χg on some subgroup H of G, and if H 6= G, we extend the
definition to a larger subgroup as follows. Pick y∈G\H and let yk be the smallest
power of y in H. By Lagrange’s theorem, the subgroup 〈H,y〉 generated by H and
y is H∪Hy∪ . . .∪Hyk−1. Extend χg to this subgroup by putting χg(hy j) = χg(h),
noting that this works and is well-defined because the cosets partition 〈H,y〉. By
repeating this argument we end up with χg defined on the whole of G.

Two important identities can now be noted:

∑
g

χ(g) =
{
|G| if χ = χ0
0 otherwise ∑

χ

χ(g) =
{

c if g = 1
0 otherwise ,
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where in the first sum χ is fixed and g runs over G, whereas in the second sum
g is fixed and the sum is over all characters. The first sum is trivial if χ = χ0,
and if χ 6= χ0, pick h ∈ G with χ(h) 6= 1. As g runs over G so does gh, so
∑g χ(g) = ∑g χ(gh) = χ(h)∑g χ(g), showing ∑g χ(g) = 0. The second sum is
trivial if g = 1, and otherwise, noting that as χ runs over all characters so does
χχg, we have ∑χ χ(g) = ∑χ χχg(g) = χg(g)∑χ χ(g), which must be zero since
χg(g) 6= 1.

Observe that c = |G|, because |G|= ∑χ ∑g χ(g) = ∑g ∑χ χ(g) = c.
More important to us is the fact that

∑
χ

χ(b)χ(g) =
{
|G| if g = b
0 otherwise ,

which follows from noting that χ(b) = χ(b) = χ(b)−1 = χ(b−1), and therefore
∑χ χ(b)χ(g) = ∑χ χ(b−1)χ(g) = ∑χ χ(b−1g). This is the tool we shall use to sift
out a congruence class by means of multiplicative characters.

That’s all we need. It’s an amusing exercise, though, to construct the charac-
ters for some small values of a — see Table 1 later. For a small value of a it is
often possible to give a quick proof of Dirichlet’s theorem by avoiding much of
the general argument and just appealing to the table.

3 Dirichlet’s theorem
We begin the proof by extending a multiplicative character to a map χ : N→C as
follows: if n is coprime to a, then χ(n) = χ(g) where g∈G and n≡ g (mod a), and
if n is not comprime to a then χ(n) = 0. Observe that the important multiplicative
property χ(n)χ(n′) = χ(nn′) is retained.

Given a multiplicative character χ , let P(s,χ) = ∑p χ(p)p−s. Then P(s,χ0)
is close to, but not equal to, the series P(s) used in §1.1; the difference is that,
whereas P(s) is the sum of 1/ps over all primes, P(s,χ0) is the sum over those
primes coprime to a. Only a finite number of terms are affected, though, namely
those for primes dividing a. In particular, given that we already know P(s)→∞ as
s→ 1+, we know too that P(s,χ0)→ ∞. As for general characters, the series for
P(s,χ) is absolutely convergent for s > 1, so we are free to perform the re-ordering
of terms in the following expression:

∑
χ

χ(b)P(s,χ) = ∑
p

1
ps ∑

χ

χ(b)χ(p) = |G| ∑
p≡b mod a

1
ps .
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Dirichlet’s theorem will follow if this quantity is unbounded as s→ 1+. We
know that P(s,χ0)→∞: therefore, to prove the theorem, it will be enough to show
that if χ 6= χ0 then P(s,χ) is bounded when s is near 1. For the reasons discussed
in §1.3, our only hope of achieving this is to relate P(s,χ) to the function

L(s,χ) = ∑
n≥1

χ(n)
ns

by means of a product formula. The function L(s,χ) is known as a Dirichlet L-
function. Note that L(s,χ0) is similar to the function ζ (s) except that the sum is
over only those n coprime to a.

The difference, however, between our failed attempt in §1.3 and what we are
doing now is that here we are working with multiplicative, not additive characters.
We developed these precisely so that the product formula

L(s,χ) = ∑
n≥1

χ(n)
ns = ∏

p

(
1+

χ(p)
ps +

χ(p)2

p2s + · · ·
)

= ∏
p

(
1

1−χ(p)p−s

)
.

would hold, as it pretty evidently does (we shall make necessary checks later).
We finished the proof in §1.1 by using the fact that P(s) was very roughly

equal to logζ (s). The same is true here:

logL(s,χ) ≈ ∑
p
− log(1−χ(p)p−s) ≈ ∑

p

χ(p)
ps = P(s,χ) .

We are using wavy lines simply to mean “is very roughly equal to”. This needs
to be made precise, but it should now be evident that the only significant task we
have left is to show that logL(s,χ) is bounded for χ 6= χ0.

At this point we have left the primes behind, and we might consider the proof
finished apart from technicalities. But it is foolish to be dismissive — there are
many good ideas for proving wonderful theorems that fall down on the details.
All the same, as far as our proof is concerned, the overview is complete; what re-
mains is to tighten up the details of the wavy lines and then show that logL(s,χ)
is bounded. In respect of this last point, notice that, unlike in §1.1 where we were
looking at ζ (s), for χ 6= χ0 the terms in L(s,χ) are not all positive, and therefore,
to show that logL(s,χ) is bounded, we not only have to show that L(s,χ) is it-
self bounded, which turns out to be easy, but we must also show that it doesn’t
approach zero. Looking at the formula for L(s,χ) we might think we’d be pretty
unlucky if it was zero, but nevertheless, sorting out this final rather unexpected
issue turns out to be the only point where we need to think a bit.
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4 Checking the details
In this section we complete the technicalities of the proof of Dirichlet’s theorem.
We will show that, to bound P(s,χ) it is enough to bound logL(s,χ). Then we
shall bound L(s,χ) itself. Lastly, we show that L(s,χ) is bounded away from zero.

4.1 P(s,χ) and L(s,χ)

The series L(s,χ) = ∑n≥1 χ(n)n−s is absolutely convergent for s > 1, and so its
terms can be added in any order. Therefore

L(s,χ) = lim
N→∞

∑
n∈XN

χ(n)
ns = lim

N→∞
∏
p≤N

(
1+

χ(p)
ps +

χ(p)2

p2s + · · ·
)

,

where XN is the set of numbers whose prime factors are all at most N. Hence
L(s,χ) = limN→∞ ∏p≤N(1−χ(p)/ps)−1 = ∏p(1−χ(p)/ps)−1.

At this point we would like to say that logL(s,χ) =−∑p log(1−χ(p)/ps) =
P(s,χ)+Q(s,χ), where Q(s,χ) is some bounded function. But there is no well-
defined complex logarithm function, because ez is not injective on C. Neverthe-
less, ez is injective on any horizontal strip of height less than 2π . This allows the
fresher to argue as follows.

The function l(z) = ∑n≥1 zn/n has radius of convergence 1. Hence it is dif-
ferentiable on the unit disc and l′(z) = 1 + z + z2 + . . . = (1− z)−1. The func-
tion (1− z)el(z) has derivative zero throughout the unit disc and so is constant
there (provable by applying the Mean Value Theorem to the real and imaginary
parts). Its value is el(0) = 1, and so (1− z)−1 = el(z) on the unit disc. Hence
L(s,χ) = e∑p l(χ(p)/ps) = eP(s,χ)+Q(s,χ) where Q(s,χ) = ∑p ∑n≥2 χ(p)n/npns, the
re-arrangement of terms being permitted because convergence is absolute. Note
that |Q(s,χ)| ≤ ∑p ∑n≥2 p−n < 2∑p 1/p2 so Q(s,χ) is bounded for s≥ 1.

The Mean Value Theorem applied to the function 1/ax, a > 1, shows that
|1/as−1/as′|= |s−s′| loga/ay for some y between s and s′. Thus for s,s′ ≥ 1+η

we have |P(s,χ)+Q(s,χ)−P(s′,χ)−Q(s′,χ)| ≤ |s− s′|∑p log p∑n p−(1+η)n ≤
Kη |s− s′| for some constant Kη . Hence P(s,χ)+Q(s,χ) is continuous for s > 1.

We shall show later that L(s,χ)→ L(1,χ) 6= 0 as s→ 1+. Let D be the disc
centre L(1,χ) and radius 1

2 min{|L(1,χ)|,π}. Then there exists δ > 0 such that
L(s,χ) = eP(s,χ)+Q(s,χ) ∈D for 1≤ s≤ 1+δ . This means that, for 1≤ s≤ 1+δ ,
the real part of P(s,χ) + Q(s,χ) is bounded and that the imaginary part cannot
cover any interval of length 2π . But the imaginary part is continuous and so, by
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the Intermediate Value Theorem, must be bounded. Therefore P(s,χ)+Q(s,χ) is
bounded as s→ 1+. We recall too that Q(s,χ) is itself bounded.

So we see that P(s,χ) is bounded as s→ 1+, provided L(s,χ)→ L(1,χ) 6= 0.

4.2 L(s,χ) is bounded if χ 6= χ0

A crucial property that distinguishes χ0 from the other characters is that, if χ 6=
χ0, then |∑m

n=1 χ(n)| ≤ a for all integers m. This is because the sum of χ(n)
over any a consecutive integers is precisely ∑g∈G χ(g) (as defined in §2). Thus

∑
abm/ac
n=1 χ(n) = 0, and |χ(n)| ≤ 1 for the remaining n.

We make use of this in Dirichlet’s convergence test: given two sequences
(an) and (bn) such that |∑m

n=1 an| ≤ a for all m, and such that bn is real, pos-
itive and decreasing to zero, then ∑anbn converges and |∑anbn| ≤ ab1. The
test is verified by putting tm = ∑

m
n=1 an; then we have ∑

N
n=1 anbn = ∑

N
n=1(tn −

tn−1)bn = tNbN+1 + ∑
N
n=1 tn(bn− bn+1). Now |tNbN+1| ≤ abN+1→ 0 as N → ∞,

and ∑
N
n=1 |tn(bn−bn+1)| ≤∑

N
n=1 |tn|(bn−bn+1)≤ a∑

N
n=1(bn−bn+1) = ab1. Thus

∑
N
n=1 tn(bn−bn+1) is absolutely convergent and so convergent.

Applying this with an = χ(n) and bn = 1/ns, we obtain that the series L(s,χ)
converges and |L(s,χ)| ≤ a for all s > 0. In particular, L(1,χ) is finite.

4.3 L(s,χ)→ L(1,χ) if χ 6= χ0

Having shown that L(s,χ) is bounded, it remains only to show that L(s,χ) is
bounded away from zero as s→ 1+. It is convenient to show first that L(s,χ)→
L(1,χ) as s→ 1+; after that we need only show L(1,χ) 6= 0.

Write f (x) = 1/x− 1/xs. Then L(1,χ)− L(s,χ) = ∑ χ(n) f (n). Note that
f (1) = 0. We claim that f (x) is decreasing for x ≥ 3. Indeed, writing s = 1 + δ

where δ > 0, we have f ′(x) = x−2[(1 + δ )x−δ − 1]. This is negative if x > e >
(1+δ )1/δ , proving the claim.

It now follows by Dirichlet’s test, described in §4.2, that |L(1,χ)−L(s,χ)| ≤
f (2)+ |∑n≥3 χ(n) f (n)| ≤ f (2)+ a f (3). By applying the Mean Value Theorem
to the function 1/nx with x ∈ [1,s], we have f (n) = 1/n−1/ns = (s−1)n−y logn
for some y ∈ [1,s]. Hence | f (n)| ≤ (s−1).

Therefore |L(1,χ)− L(s,χ)| ≤ a(s− 1) for s > 1. In particular, L(s,χ)→
L(1,χ) as s→ 1+.
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4.4 L(1,χ) 6= 0 for non-real characters χ

So we reach the last step of the proof, which is to show that L(1,χ) 6= 0 for non-
principal characters. But this is where we need to think a little. Our estimates of
L-functions cannot be used directly to show that they are non-zero.

It turns out to be easier to show L(1,χ) 6= 0 if χ is not real — that is, if χ 6= χ .
Dirichlet’s original proof made use of this fact, though modern proofs tend not to.
But we are using only methods available to freshers, and it’s convenient for us to
make the distinction.

The proof comes from studying ∏χ L(s,χ), which is a real number since
∏χ L(s,χ) = ∏χ L(s,χ). In §4.1 we proved L(s,χ) = ∏p(1− χ(p)/ps)−1. It
is readily seen (by taking limits if need be) that

∏
χ

L(s,χ) = ∏
χ

∏
p

(
1− χ(p)

ps

)−1

= ∏
p

∏
χ

(
1− χ(p)

ps

)−1

.

Let us show that |∏χ(1−χ(p)/ps)| ≤ 1 for every prime p. This is immediate for
primes p dividing a, since then χ(p) = 0. For other primes, let H be the subgroup
of the group of characters such that ψ(p) = 1 if ψ ∈ H. Let the subgroup of
G generated by p be (the residues congruent to) {1, p, . . . , pd}. Then χ(p)d = 1
for every character χ , so χ(p) is a power of ω = e2πi/d . In §2 we constructed a
character χp with χp(p) = ω , and so every character χ satisfies χ(p) j = χp(p)
for some j, that is, χ(p)χ

− j
p ∈ H. Thus the group of characters is a partition

of cosets H ∪ χpH ∪ . . .∪ χd−1
p H. Consequently ∏χ(1− χ(p)/ps) = ∏

d−1
j=0(1−

ω j/ps)|H|. Now the roots of the polynomial zd − 1 are 1,ω, . . . ,ωd−1 and so
zd − 1 = ∏

d−1
j=0(z−ω j). Thus ∏χ(1− χ(p)/ps) = (1− 1/pds)|H| ≤ 1. Hence

∏χ L(s,χ)≥ 1.
Suppose now that χ 6= χ and L(1,χ) = 0. Then L(1,χ) = L(1,χ) = 0, so

|L(s,χ)| ≤ a(s− 1) and |L(s,χ)| ≤ a(s− 1) by §4.3. Since L(χ0,s) ≤ ζ (s), we
have ∣∣∣∣∣∏

χ

L(s,χ)

∣∣∣∣∣≤ a|G|−1(s−1)2
ζ (s)

by the bounds in §4.2. But in §1.1 we showed that (s− 1)ζ (s)→ 1 as s→ 1+.
Thus ∏χ L(s,χ)→ 0 as s→ 1+, contradicting ∏χ L(s,χ)≥ 1.

This proof doesn’t work if χ is real, because then χ = χ and we obtain only
|∏χ L(s,χ)| ≤ a|G|−1(s−1)ζ (s), which is not enough for a contradiction. For real
characters we need something else.
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4.5 L(1,χ) 6= 0 for real characters χ 6= χ0

We are on the last step of the proof. But it is the trickiest, and we certainly need a
good idea. Dirichlet himself did the job by evaluating L(1,χ) exactly via a study
of quadratic forms, developing what is known as Dirichlet’s class number formula.
The simple treatment here is due to Monsky, based on an argument of Gelfond.

Observe that (1− t)tn/(1− tn) = tn/(1 + t + . . . + tn−1)→ 1/n as t → 1−.
Thus, with t ∈ (0,1), we put F(t) = ∑

∞
n=1 χ(n)tn/(1− tn) in the hope that F(t) is

an approximation to L(1,χ)/(1− t). Indeed, consider the expression

L(1,χ)
1− t

−F(t) = ∑
n

χ(n)
[

1
n(1− t)

− tn

1− tn

]
= ∑

n
χ(n)bn .

Making use of the arithmetic mean/geometric mean inequality, we find that

(1− t)(bn−bn+1) ≥
1
n
− 1

n+1
− tn

1+ t + . . .+ tn−1 +
tn+1

1+ t + . . .+ tn

=
1

n(n+1)
− tn

(1+ t + . . .+ tn−1)(1+ t + . . .+ tn)

≥ 1
n(n+1)

− 1
n(n+1)

tn

t(n−1)/2tn/2
≥ 0 ,

and so the sequence (bn) is decreasing. Clearly bn→ 0 as n→∞ and so, by Dirich-
let’s test from §4.2, we obtain |L(1,χ)/(1− t)−F(t)| ≤ ab1 = a. In particular, if
L(1,χ) = 0 then F(t) is bounded for t ∈ (0,1).

On the other hand, we have

F(t) =
∞

∑
n=1

χ(n)tn

1− tn =
∞

∑
n=1

χ(n)tn(1+ tn + t2n + t3n + . . .) = ∑
n

c(n)tn

where c(n) = ∑d|n χ(d), the sum being over all positive divisors of n. Notice that
c(ak) = 1 for all k. More generally, writing n as a product of prime powers, that is,
n = pk1

1 . . . pkr
r then the divisors d of n are all numbers of the form d = pl1

1 . . . plr
r ,

from which it can be seen that c(n) = c(pk1
1 ) · · ·c(pkr

r ). Now a real character is
one such that χ(n) ∈ {−1,0,1} for every n, so for a prime power pk we have
c(pk) = 1+ χ(p)+ χ(p)2 + . . .+ χ(p)k ≥ 0. Therefore c(n)≥ 0 for all n.

Since c(ak) = 1 for all k and c(n) ≥ 0 for all n, it follows that F(t)→ ∞ as
t→ 1−. But F(t) is bounded if L(1,χ) = 0. Therefore L(1,χ) 6= 0, and the proof
of Dirichlet’s theorem is complete.
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5 A few remarks
The final part of the proof in §4.5 is obviously a bit ad-hoc. A different proof uses
complex analysis to develop the method of §4.4. By extending the range of the
function ∏χ L(s,χ) so that it is defined for s ∈ C, it is possible to obtain more
information about the behaviour of the function near s = 1, which is enough to
establish L(1,χ) 6= 0 for all χ . This more natural approach is beyond the scope
of a normal first year course, though its existence does give a glimpse into the
wonders of complex analysis.

As mentioned earlier, for small values of a we can easily write down all the
characters explicitly, using the information in §2. Table 1 lists them for some
small a. For each a, each row is a character, and the first a values of each character
are listed — that is, χ(1) to χ(a). Of course, χ(n) = 0 if n is not coprime to a
but it is easier to read the table if all values, including zeros, are listed. The
number of characters is |G|, the number of numbers less than a and coprime to a.
This number is given by Euler’s totient function φ(a), a fact which the reader is
probably aware of but which we didn’t need to make use of.

Using the table it is often possible to show L(1,χ) 6= 0 directly, giving a much
shorter proof. Take, for example, the case a = 9. Consider the sum of 9 con-
secutive summands of L(1,χ) of the form ∑

9
j=1

χ(9k+ j)
9k+ j . For the first two char-

acters, the real characters, it is evident that each of these sub-sums is positive,
so L(1,χ) 6= 0. The next two rows are conjugates; adding them, and noting that
β − β 2 = 1, we get a row 2 1 0 − 1 1 0 − 1 − 2 0, which also has positive
sub-sums. This shows L(1,χ) + L(1,χ) > 0 and so L(1,χ) 6= 0. For the final
two conjugate rows we could consider χ − χ; since β + β 2 =

√
3i we get a row

0
√

3 0 −
√

3 −
√

3 0
√

3 0 0 times i. The sub-sums here are i times a positive
number, so L(1,χ)− L(1,χ) 6= 0 and hence L(1,χ) 6= 0. Hence we get a short
proof of Dirichlet’s theorem for a = 9 and every b.

Acknowledgements. There are many published treatments of Dirichlet’s theo-
rem, but particularly helpful in preparing this note was a monograph by Robin
Chapman. Imre Leader kindly read the manuscript and made valuable comments.
Justin Drake read it carefully and pointed out that the original version of §4.1 was
nonsense. Finally, thanks are due to Gemma Stockton and the Adams Society of
St John’s College, for forcing me to write it down in the first place.

13



Table 1: A table of small characters. The entry β denotes eπi/3.

a = 3
1 1 0
1 -1 0

a = 4
1 0 1 0
1 0 -1 0

a = 5
1 1 1 1 0
1 -1 -1 1 0
1 i −i -1 0
1 −i i -1 0

a = 6
1 0 0 0 1 0
1 0 0 0 -1 0

a = 7
1 1 1 1 1 1 0
1 1 -1 1 -1 -1 0
1 β 2 β −β −β 2 -1 0
1 −β −β 2 β 2 β -1 0
1 −β β 2 β 2 −β 1 0
1 β 2 −β −β β 2 1 0

a = 8
1 0 1 0 1 0 1 0
1 0 -1 0 1 0 -1 0
1 0 -1 0 -1 0 1 0
1 0 1 0 -1 0 -1 0

a = 9
1 1 0 1 1 0 1 1 0
1 -1 0 1 -1 0 1 -1 0
1 β 0 β 2 −β 2 0 −β -1 0
1 −β 2 0 −β β 0 β 2 -1 0
1 β 2 0 −β −β 0 β 2 1 0
1 −β 0 β 2 β 2 0 −β 1 0
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